Fix a finite commutative ring R. Let u and v be power series over R, with v(0) = 0. This paper presents an algorithm that computes the first n terms of the composition u(v), given the first n terms of u and v, in n 1+o(1) ring operations. The algorithm is very fast in practice when R has small characteristic.
Introduction
Let f be a polynomial over a commutative ring R, and let g be an element of R[x]/x n . The point of this paper is a simple new algorithm to compute f (g) when R has nonzero characteristic.
For prime characteristic, see Section 2. For prime-power characteristic more generally, see Section 3. For other characteristics, use the Chinese Remainder Theorem, as in Knuth (1981, Equation 4 .3.2-9).
Applications. The problem of computing f (g), under the restrictions deg f < n and g(0) = 0, is known as order-n power series composition. Here is the point: given power series u and v over R, u(v(x) ) mod x n . Power series composition is the bottleneck in reversion and iteration of power series. See Brent and Kung (1978) and Knuth (1981, Section 4.7) .
Previous work. Brent and Kung (1978) describe two power series composition algorithms. The first algorithm computes f (g) in n α ring operations for some α > 1.5, depending on the speed of matrix multiplication. This algorithm can be applied to the more general problem of modular composition; see Kaltofen and Shoup (1997) . The second algorithm computes f (g) in about n 1.5 ring operations, provided that g is invertible and that all primes up to about √ n are cancellable in R. My algorithm takes n 1+o(1) ring operations if R is fixed. It is the method of choice for power series composition over rings whose characteristic is a product of small primes; in particular, fields of small prime characteristic. The second Brent-Kung algorithm remains the fastest method for fields of large prime characteristic. † The author was supported by the National Science Foundation under grant DMS-9600083.
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Prime Characteristic
Fix a ring R of prime characteristic p. I will reduce the problem of computing f (g), with deg f < d and g ∈ R[x]/x n , to a sequence of p subproblems with d and n both reduced by a factor of p.
The recursion stops when d is sufficiently small. For example, f (g) is simply f (0) when d = 1.
Prime-power Characteristic
Fix a ring R of characteristic p k , with p prime and k ≥ 1.
n . Also write m = n/p and B = R[y]/y m . Embed B into A by y → x p ; this embedding, which amounts to some copying inside the computer, is not stated explicitly in the following algorithm.
. If j = 0: print s and stop. 7. Decrease j by 1 and return to Step 4.
The idea of Algorithm C is as follows. Consider f (g +pt) in the polynomial ring
A[t]. It equals f 0 ((g +pt) p )+· · ·+(g +pt) p−1 f p−1 ((g +pt) p ). To compute f j ((g +pt) p ), find h ∈ B with g p − h ∈ pA,
and find v ∈ A[t] satisfying h + pv = (g + pt)
p ; recursively compute f j (h + pu) in the polynomial ring B [u] ; then substitute u → v to obtain f j ((g + pt) p ). To avoid multiplications and divisions by p, Algorithm C works with polynomials in = pt and δ = pu.
, not merely f (g). One can save some time by eliminating at the top level of the recursion, if the goal is to compute f (g). The recursive call in
Step 4 still needs f j (h + δ), not merely f j (h).
Details and improvements. I represent the ring
For large k there are faster algorithms; see, e.g., Cantor and Kaltofen (1991) .
To compute (g + ) p in Step 2, I perform p − 1 multiplications by g + in A[ ]/ k . Each multiplication by g + is implemented with k multiplications in A. There are many faster algorithms; see, e.g., Knuth (1981, section 4.6.3) . by induction, and c multiplications in A, taking time at most cnµ(n).
In particular, order-n power series composition takes time O(nµ(n) log n) for fixed characteristic.
